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Abstract 



In the Poincare gauge theory of gravity, which has been formulated on the 
basis of a principal fiber bundle over the space-time manifold having the cover- 
ing group of the proper orthochronous Poincare group as the structure group, 
we examine the tensorial properties of the dynamical energy-momentum den- 
sity ^Tk^ and the "spin" angular momentum density ^Ski^ of the gravi- 
tational field. They are both space-time vector densities, and transform as 
tensors under global SL(2,C)- transformations. Under local internal transla- 
tion, ^T^k^ is invariant, while ^Ski^ transforms inhomogeneously. The dy- 
namical energy-momentum density ^'^Tk^ and the "spin" angular momentum 
density '^^Ski^ of the matter field are also examined, and they are known to 
be space-time vector densities and to obey tensorial transformation rules un- 
der internal Poincare gauge transformations. The corresponding discussions 
in extended new general relativity which is obtained as a teleparallel limit 
of Poincare gauge theory are also given, and energy-momentum and "spin" 
angular momentum densities are known to be well behaved. Namely, they 
are all space-time vector densities, etc. In both theories, integrations of these 
densities on a space-like surface give the total energy-momentum and total 
{=spin-\- orbital) angular momentum for asymptotically flat space-time. The 
tensorial properties of canonical energy-momentum and "extended orbital an- 
gular momentum" densities are also examined. 
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I. INTRODUCTION 



The energy-momentum and angular momentum play central roles in modern theoretical 
physics. The conservation of these is related to the homogeneity and isotropy of space-time, 
respectively. Also, local objects such as energy-momentum and angular momentum densities 
are well defined if the gravitational field does not take part in. 

In general relativity, however, the energy-momentum and angular momentum densities 
of the gravitational field so far proposed are not space-time tensor densities. Rather, it is 
usually asserted [0] that well-behaved energy-momentum and angular momentum densities 
cannot be defined for the gravitational field, while total energy-momentum and total angular 
momentum are defined well for asymptotically flat space-time. 

In the Poincare gauge theory of gravity (P.G.T.) [Q, which has been formulated on the 
basis of principal fiber bundle over the space-time manifold having the covering group of 
the proper orthochronous Poincare group as the structure group, we have defined dynamical 
energy-momentum and "spin" angular momentum densities. For the asymptotically flat 
space-time, the integration of the dynamical energy-momentum density over space-like sur- 
face o is the generator of internal translation and gives the total energy-momentum of the 
system. Also, the integration of "spin" angular momentum density over a is the generator of 
internal S'L(2, C) -transformations and gives the total {=spin+ orbital) angular momentum 
0, when the Higgs-type field ijj'' is chosen to be ip'^ = e'^^^^ ^x^ + il)''^^^ + 0(l/r^) with con- 
stants 

g(o)fc^^^(o)fc In extended new general relativity (E.N.G.R.) which is obtained as 

a teleparallel limit of P.G.T., corresponding results have been obtained [0. 

The purpose of this paper is to examine, both in P.G.T. and in E.N.G.R., the transfor- 
mation properties of the dynamical energy-momentum densities, "spin" angular momentum 
densities, canonical energy-momentum densities, and "extended orbital angular momentum" 
densities under general coordinate transformations and under Poincare gauge transforma- 
tions p. The main result is that all the dynamical energy-momentum densities and ''spin" 
angular momentum densities in these theories are true space-time vector densities. 



II. POINCARE GAUGE THEORY 

A. Outline of the theory 

P.G.T. is formulated on the basis of the principal fiber bundle V over the space-time M 
possessing the covering group Pq of the proper orthochronous Poincare group as the struc- 
ture group. The space-time is assumed to be a noncompact four-dimensional differentiable 
manifold having a countable base. The bundle V admits a connection P, whose translational 
and rotational parts of the coefficients will be written as ^ and A^i^, respectively. The 
fundamental field variables are ^ ^A^i^, the Higgs-type field ip = {ij^}, and the matter 
field = = 1, 2, 3, ... , A^} 0. These fields transform according to [jlO| 

i^" = iA{a-'))\{ij' - t') , 
A'\ = (A(a-i))^(AV + t\^ + A'^.t"') , 
A'\^ = (A(a-i))'=™/l"^„^(A(a))"; 
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+ (A(a-^))^(A(a))^^ , 
'>'^={p{{t,ar')fs4>\ (2.1) 



under the Poincare gauge transformation 

a'{x) = (j{x) ■ (t{x),a{x)) , 

t{x) e , a{x) G SL{2,C) . (2.2) 

Here, A is the covering map from SL{2, C) to the proper orthochronous Lorentz group, and 
p stands for the representation of the Poincare group to which the field 0"^ belongs. Also, a 
and a' stand for local cross sections of V. Dual components e*^^ of vierbeins e^kd/dx^ are 
related to the field ip'' and the gauge potentials A''^ and A^if^ through the relation 

e\ = + A'l.ij' + A\ , (2.3) 

and these transform according to 



e 



(A(a-^))^eV , (2.4) 



under the transformation ( p.2| ). Also, they are related to the metric g^udx^ dx'^ of M 
through the relation 

Qfiu = Vkie''^,e^u (2.5) 

with {r]ki) = diag(-l, 1, 1, 1). 

There is a 2 to 1 bundle homomorphism F from V to affine frame bundle A{M) over M, 
and an extended spinor structure and a spinor structure exist associated with it [|^. The 
space-time M is orientable, which follows from its assumed noncompactness and from the 
fact that M has a spinor structure. 

The affine frame bundle A{M) admits a connection P^. The T^-part V^,^ and GL{A, R)- 

'if, and e^f. 



part P'^i.A of its connection coefficients are related to A^;^ and e*^^ through the relations 



P^ = 5^ , A\^ = e\e\V\, + e^e'i^, , (2.6) 

by the requirement that F maps the connection P into P^, and the space-time M is of the 
Riemann-Cartan type. 

The field strengths R'^i^y, R'^/j.^ and T^^^^, of A'^i^j^, A^ ^ and of ^ are given by 



and we have the relation 



R^l^lv — '^{A''i[u,^j] + A'^ „l[^J.A^ , 
R^ =^ 2{A^\y^^] + A^i[^A\]) , 

TV = 2(e^,,^] + A^[^e^]) , (2.7) 

= R'^ fjLV + R'^lfiiytp^ ■ (2.8) 



The field strengths T^^^, and R'^^'^u are both invariant under internal translations. The 
torsion is given by 
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T^^lu = '^^^[v^l] 1 (2.9) 
and the T^- and GL{A, i?)-parts of the curvature are given by 

i?V = 2(r^[.,;.] + r\[^r^]), (2.10) 

R^Pf,u = 2(r\[^,^] + T^rifJ'^pu]) , (2-11) 



respectively. Also, we have 



T'^imu — e^xT^f^u — e^xR^fiiy , (2-12) 
R'^ifiu = e'' xe^'iR^p^u , (2-13) 

which follow from Eq. ( |2.6|) . 

The covariant derivative of the matter field (f) takes the form 

D,<p^ d,<P^ + '-A'^,{Mi^<P)^ + iA',{P4)^ . (2.14) 

Here, Mki and Pk are representation matrices of the standard basis of the group Pq '■ Mm = 
—ip^:{Mki) , Pk = —ipt.{Pk)- The matrix Pk represents the intrinsic energy- momentum of the 
field 0"^ |12|, and it is vanishing for all the observed fields. 
The Lagrangian density [0 



L = L^^ie\, ip\ Dk(t)^, 0^) + L^{T^^"', P^''"") (2.15) 

satisfies the requirement of Pq gauge invariance. Here, L*^ is the Lagrangian density of the 
matter field = {0^} and L*^ is the Lagrangian density of the gauge potentials given by 

LGl|fL^ + L^ + di? (2.16) 

with 

def ^^^klm^^^^ ^ ^^^k^^ ^ ^^^k^^ ^ (2. 17) 

= diA^^^'^ Aklmn + d2B^'''^'^Bklmn + d^C^^^"^ C klmn + d^E^^ Ekl + d^l'^''Ikl + d^R^ . (2.18) 

In the above, q, dj {i = 1, 2, 3, j = 1, 2, 3, . . . , 6) and d are all real constants, tkim, Vk and ak 
are the irreducible components of the field strength Tkim, and Akimn, Bkimn, Ckimn, Eki, hi, 
and R are the irreducible components of the field strength Rkimn- Their definitions are 
enumerated in Appendix A. 

The gravitational Lagrangian density IP agrees with that in Poincare gauge theory 
(P.G.T.) |]T^, and hence gravitational field equations mP.G.T. take the same forms as those 
mP.G.T. [g. 

In Refs. [|-|^, we have used in place of L*^, 

' G def jG 



L^ = L^ + A/y^, (2.19) 
where we have defined 
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g dei{g,,) , A (W^.^^A^V),^ (2-20) 

with 

W^r = 2f/v^e'^[fce^,] . (2.21) 

In order to get conserved generators, the Lagrangian density L =^ L'^ + L*^, which leads to 
same field equations as L does, has been employed. 

Let us consider Poincare gauge transformations (|2.2|) with infinitesimal functions t'^ and 
with a G SL{2, C) such that A(a) are represented as 

{K{a)fi = 5\ + u\ (2.22) 

with infinitesimal functions ujki = —ujik- Also, we consider the infinitesimal coordinate 
transformations 

x'^ = x'' + e^' (2.23) 

with being infinitesimal functions. Under the product transformations of Eqs. ( p.22| ) and 
( p.23| ), the fundamental fields ip'', A''^, A^'' ^ and (p^ and the Lagrangian density L transform 
according to 

= 11,'' - u;\^^ - , 
A\ = A\ - u\A\ + + A\^t' - e\,A\ , 

Alkl \kl 1 hi k Ami I a km 

^ u — ^ u ~r iO .u ^ ^ u ~ ^ l 



_v Akl 

i 



with 



tt\Pk<Pr - -uj'^^MkKPr , (2.24) 
L' = L + 77=^-^" (2-25) 



A^'=^'a;'=',^Wfcr . (2.26) 



We see that L is invariant under the product transformations of Eq. ( p. 22 ) with constant 
ojki and Eq. ( |2.23D , but it violates local SL{2, C) invariance. 

In considering energy-momentum and angular momentum, there are two possibili- 
ties in choosing the set of independent field variables one is to choose the set 
j^^fc^ ^fc^^ ^fcz^^ j g^j^^ ^Yie other is to choose the set {t/''^, e'^^, A'^'^, 0^} instead. In the 
rest of this section, we employ {ip'', A^ A^'- c/)^} as the set of independent field variables, 
because this choice is preferential to the other, as we have seen in Refs. . The case when 
{ip^i e'^n, A^'-^, 0^} is employed will be mentioned in the final section. 

From the transformation properties ( p.24| ) and ( |2.25| ), the identities 
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SL ; 



_5L_ 



(2.27) 



5L 6L f 6L 

AT 

tOtrp At _ p UI/ _ " — A 

k k ,v t Au — 



totrj-i^/i 



0, 



= 0, 



5L 



follow, where we have defined 

dcf 



L = ^/^L , 

def dL aL« 



tots^^Md|f_2F[,^^,]-2F[fe'^M,], 

. dL 



dL 



def 



with 



F^r 



dcf 



def 



dL 



Q^kl 
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The energy-momentum density ^^^T^^ and the "spin" angular momentum density 
^^^Sfc/'^ are expressed as follows: 

totg^^M = -2-^ + , (2.44) 



by virtue of the identities ( |2.29|) and ( 2.31 ). Thus, ^"-"^T^^ has the standard form of gauge 



current in Yang-Mills theories, while ^^^S^;^ has not. There is an additional term ,iy 
which originates from the term A violating the 5'L(2, C)-gauge invariance of the gravita- 
tional Lagrangian density. 

When the field equations 6L/6A''^ = OL/dA''^ - d^{dL/dA'' ^^^) = and 6L/6(f)^ = 
are both satisfied, we have the following: 

(i) The field equation 6L/6ip^ = is automatically satisfied, and hence is not an inde- 
pendent dynamical variable. 



^^tot^P^M = , (2.45) 
d.^^'^Ski^ = , (2.46) 

which are the differential conservation laws of the dynamical energy-momentum and of the 
"spin" angular momentum, respectively, (i) and (ii) follow from Eqs. ( p.27| ), ( p.30| ), and 

(ill)- 

Equations (|03| ) and lead to 



a.t/ = , (2.47) 
^^Ma'^'' = , (2.48) 



when 6L/6A''^ = 0,6L/5A''^^ = 0, where M^'''' = 2{'^x^'' - x^'Tx"). Equations (g^ 



and ( p.48|) are the differential conservation laws of the canonical energy-momentum and 
"extended orbital angular momentum" respectively. 

In Refs. @-|], we have examined the integrations of *°^Tfc^, ^°^Sm'', T^'" and Ma'"'' for 
asymptotically flat space-time by choosing as 

/ = eWV + ^^°^' + 0(l/r^), 
^^ = e(°)V + 0(l/r'^+^), (/3>0), (2.49) 

where e^"-"^^ is a constant satisfying e^^^'' ^rj^ie^^^^ ,^ = rf^y^ and and (3 are constants. Also, 

we have defined r =^ ■>/ {x^Y + {^'^Y + {^'^Y-, and 0(l/r") with positive a denotes a term 
for which r"0(l/r") remains finite for r — ^ oo\ a term 0(l/r") may of course be zero. We 
have shown the following: 

M, [ to^T.'^rfo-^ = e(°)^M^ , (2.50) 
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J a 

+2^(°)[fcMz] , (2.51) 



M% = I T/f/a, = , (2.52) 

J a 

I M/^rfa, = , (2.53) 
where da^ denotes the surface element on a space-hke surface a. Also, we have defined 

m/= r/^A I e'-'da,, (2.54) 



with 



J a 

= j - x''9^'^)dax (2.55) 

J a 



e^^^^2dd,d„{{-g)g'-'^^gP'^'^} , (2.56) 

J^l^vXp def 2rf[a;^5^{(_^)^'^[Y]-} _ X'^9,{(-^)^^'[V"} 

^{-9)9'^^9'''\ ■ (2.57) 



Actually, Eq. ( p.50| ) has been obtained without using Eq. ( p.49| ), but it is crucial in obtaining 



the expressions ( p.51|) ~ (p.53|) . Also, the expression of 6^^ agrees with that of the symmetric 
energy-momentum density proposed by Landau-Lifshitz in general relativity. 

The dynamical energy-momentum is the generator of internal translations and the 
total energy-momentum of the system. The "spin" angular momentum Sm is the genera- 
tor of internal SL{2,C)- transformations and the total {=spin+ orbital) angular momentum 
of the system. The canonical energy-momentum M'^fj_ and the "extended orbital angular 
momentum" L^'' are the generators of coordinate translations and of coordinate GL{4, R)- 
transformations, respectively [|6i|T6|. 

The following is worth emphasizing: The total energy-momentum and the total angular 
momentum are the generators of internal Poincare transformations, and the generators of 
coordinate transformations are vanishing and trivial. 

B. Transformation properties of energy-momentum and angular momentum densities 

We define densities ^Tk'', ^T^^, ^Sfc^^^ and ^^Sh^ by 
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(2.60) 



(2.61) 



with L'^ =^ y/-gL'^ and L^^ =' y/^L^ . The densities "^T^^ and ^T^'' are the dynamical 
energy-momentum densities of the gravitational field and of the matter field (p^, respectively, 
while '^Ski'^ and ^Ski^ are "spin" angular momentum densities of the gravitational and the 
matter fields, respectively. There are the relations 



tot 



(2.62) 



Under the product transformations of Eqs. (|2.22|) and (p.23|) , the densities '^Tk^,'^Tk^, 
'^Ski^, and ^^Ski^ transform according to 



d(d A'^) 

-L fc = — i-l +^ ,u i-k — e ,A i-k —i^k,urr H TTTZ ' 

Mrr\f a Mrw-\ a , lMrr\ a , a M rr\ V A Mrr\ II 

i- k = i-k —^k i-i +^,u J-fc — e,A J-fe , 

Go' M Go A* , , TiGo u , , mGo u o+ Grp a , a Gci v \ Ga u 

^ fc/ — Okl — i^k ^ml — '^km ~ i-l] + e ,1/ '^kl ,\ ^kl 

did A.") 

— ^l^[k,vi^l] — ^^[k ,u^l]m " ~Q^l ' 

M c<i u A/o u , mMc n , mAfo u oj- A/rr\ « , ,u Af o ^A Af o ii 

Sfc/ — Sfc/ — ^k Smi — f-i^i &fcm — ^J[fc -L/] + £ ^fc/ — £ ,A ^kl 

We define ^t^'^ , ^T^'^ by 



(2.63) 
(2.64) 

(2.65) 
(2.66) 



Grfy u <^_S! ^ uj G 



Ai/ Akl 
kl A 



A/rp drf X — 



(2.67) 
(2.68) 



which are the canonical energy-momentum densities of the gravitational field and of the 
matter field, respectively. Also, we define 



My^ uu def _2^t.Mrj. u 



(2.69) 
(2.70) 



which are the "extended orbital angular momentum" densities of the gravitational field and 
of the matter field, respectively. There are the relations 
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The densities ^t„/',*^T 



(2.71) 



Afrp u Gyi^i^v ^'Mx^" transform according to 



k < Ak A 



Grr\ u ( j.k I Ak A \T7 \u I ,kl , ,k Ami , 1 Akm \ti\ Xu 



dL 



G 



M 



PL 

-2x'^*'^T'a'^ - 2e^*^TA^ , 



A' 



X,ii 



djdpA.' ) ^^^i ^ ^ ^A Grp ,^ _ ^ Grfi A _ ^A _ Grfi ;^ _L .T. Ai/ 



(2.72) 



^i] + e\f,^Tx'' - e^A^'T/ - e^A"'T/ , (2.73) 

(2.74) 
(2.75) 



under the product transformations of Eqs. ( p. 221) and (p.23|) , where ^'x^'^ denotes the 



transformed ^'a 



^x^'' + t\xFk^'' + u'\xFkr + 



A''x - e^A^p^" + e^,p*; 



QAkl 



pu 



p,v 



(2.76) 



III. EXTENDED NEW GENERAL RELATIVITY 



A. Reduction of Poincare gauge theory to extended new general relativity 
In P.G.T., we consider the case in which the field strength i^^^'^y vanishes identically, 

R^\u = , (3.1) 

then, the curvature vanishes and we have a teleparallel theory. 
We choose the SL{2, C)-gauge such that 

A'V = , (3.2) 

which reduces the expressions of vierbeins affine connection coefficients T^^y and the 
covariant derivative D^cf) to 

e\ = + A'', , (3.3) 
^V = e^eV,. , (3.4) 
Dk(t>^ = e^kD^ct)^ , (3.5) 
^p0^ = 9^0^ + ^^V(P/0)^, (3.6) 

respectively. 

Since = = dR, the gravitational Lagrangian density L'^ is reduced to L'^ = L^, 
which agrees with the gravitational Lagrangian density in new general relativity (N.G.R.) 
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T^,|T8|. Thus, the gravitational field equations in E.N.G.R. take the same forms as those in 



N.G.R. 

As is the case of the Lagrangian density L*^ 



L*^ in P.G.T., L = 



'M 



is invariant 



under the product transformations of Eq. (|2.22|) with constant u^i and Eq. (|2.23|) , but it 
violates local SL{2, C) invariance. 

The identities (1212^) and (|]28D and the definit ions ( p.36| ) and ( |2.37|) are reduced to |[T9| 



+ 



_5L_ 



= 



6L_ 



-{Mki<t>y 



= 



tot 



Tk" = Fk^ + I- 



dL 



tot 



(3.7) 

(3.8) 
(3.9) 

(3.10) 



respectively. The identities ( |2.29| ) and ( p.30| ), the expression ( |2.43| ), and the conservation 
laws ( |2.45|) and (|2.46|) remain unchanged and there is no identity corresponding to Eqs. 
( ^.31| ) and ( |2.32| ) and no expression corresponding to Eq. ( 2.44 ). 

The field equation 51j/5ip^ = is automatically satisfied, if the field equations 5L/5A'^^ = 
and (5L/(50^ = are both satisfied. 

The identity (|2.33| ), the definitions ( |2.38| ) and (|2.42|) are reduced to 



t 



^A*/" - ^A\,, = 



dcf 



Fk^'A^,^ - 



dL 



k'-'A^ = 



(3.11) 



(3.12) 
(3.13) 



respectively. The conservation laws ( |2.47|) and ( p.48| ) remain unchanged. 

In Ref. we have examined Mk, Ski, M'^fi, and L^'^ defined in the same ways as in P.G.T. 
for asymptotically flat space-time by choosing as given by Eq. ( |2.49| ) and assuming some 
additional conditions on asymptotic behaviors of field variables. The same expressions as 
Eqs. ( P3UD ~ ( P33D hold also in E.N.G.R. 



B. Transformation properties of energy-momentum and angular momentum densities 



In the case of E.N.G.R., the energy-momentum and "spin" angular momentum densities 
^Tfc'^, ^^Tfc'^, ^Ski'' and ^^Skif" in P.G.T. reduce to 
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Grri II 

M^T^ a 
i-k 

^ki 
^kl 



+ 1- 



{Pk 



M 



^i]-ijT-j-{Mki(l)y 



(3.14) 
(3.15) 
(3.16) 
(3.17) 



Under the product transformations of Eqs. ( p.22| ) and (|2.23|) , these densities transform 
according to 



Grri/ II Grri ll , , lGrr\ n , n Grw-i v \ Grr\ u , , ' T? /Ji^ 





= ^Tfc^ 


J- k 


Afrri u 
= J- A: 


Gc' M 


= ""Ski^ 


Mc' M 
^5 M 


Mc M 

= 



lMry\Jj, _|_ ^/x Afrp^ 1/ ^^^'J'^^ 



S/x mMc M , , 



mMc 



'km 



OJ. A'frri H I a M c ,A A /q M 

-^r[fc +^ ,v Jkl — e ,A Ofc^ 



(3.18) 
(3.19) 

(3.20) 
(3.21) 



Grp i/ 



Fk^'^A'' 



dL 



X,/i 



dip 



k 



with =^ y/—gL?", while Eqs. ( |2.68| ) ~ (|2.71| ) remain unchanged. 
The densities ^T^'^ and ^T^^ transform according to 



Gnh/ V G^¥^ V 



jft TP Av I j.« I 



Ai/ 



Mrr/ 



dL 



M 



dL 



M 



Afrp ^ \ -^k I A;/ 



„/, I ,A Afrxi 1/ V Mrr\ A ,A Afrfi U 

^ ,^l J-A — e ,A J-M ~ ^ ,A J- 



(3.22) 



(3.23) 
(3.24) 



under the product transformations of Eqs. ( p.22| ) and ( p.23| ). The transformation properties 
of *^Ma^'^ and of '^Ma^'^ are given by the same forms as Eqs. ( p.74|) and (|2.75|) , respec- 
tively, where, for the present case, '^T'^'-' and ^^T'^'^ are given by Eqs. ( p. 231 ) and ( ^.24^ , 
respectively. Equation ( p.76| ) is reduced to 



+e\,^x^' - e^p*A' 



(3.25) 



IV. SUMMARY AND DISCUSSIONS 

We have examined the transformations properties of energy-momentum densities and of 
angular momentum densities both in P.G.T. and in E.N.G.R. 
Results can be summarized as follows: 
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[1] Results in Poincare gauge theory (P.G.T.): 

(IA) From Eqs. (|]6|)~ ( ^1661) , we see that the densities ^T^^, ^^Tfe'^, ^Sfci^^ and 
^Ski^ are all space-time vector densities, i.e., they transform as vector densities 
under general coordinate transformations. Their transformation properties under 
internal Poincare transformations are summarized as follows: 

(a) The dynamical energy-momentum density "^T^^ of the gravitational field is 
invariant under local translations. It transforms as a vector under global 
SL{2, C)-transformations. But, it is not vectorial under local SL{2, C)- 
tr ansf ormat ions . 

(b) The dynamical energy-momentum density ^T^'^ of the matter field (j)^ is 
invariant under local translations. It transforms as a vector under local 
SL{2, C)-transformations. 

(c) Under ^f/ofea/ translations, the "spin" angular momentum density '^Ski'^ of the 
gravitational field receives transformations which correspond to translations 
in internal space-time, and it transforms as a tensor under global SL{2, C)- 
transformations. But, it is not tensorial under local Poincare transforma- 
tions. 

(d) The "spin" angular momentum density '^^Sm^ of the matter field 0^ is ten- 
sorial under local Poincare transformations. 

(IB) From Eqs. (|2J^ ) ~ (|276|) , we see that ^t/,^ *^T^^ ^Mx^"', and ^^Ma'^^ are all 



invariant under global internal Poincare transformations. They are not invariant 
under local Poincare transformations. Also, we can see the following: 

(e) The canonical energy-momentum density '^T^'^ of the gravitational field 
transforms as tensor densities under affine coordinate transformation x'^ = 
a^yX^ + h^, but it does not transform as a tensor density under general coor- 



dinate transformations 21 



(f) The canonical energy-momentum density T^'^ of the matter field (j) trans- 
forms as a tensor density under general coordinate transformations. 

(g) Both of "extended orbital angular momentum" densities '^M^'^'^ and ^"'^M^'^'' 
transform as tensor densities under constant G'L(4, i?)-coordinate transfor- 
mations, and they receive space-time translations under constant coordinate 
transformations. They do not transform as tensor densities under general 
coordinate transformations. 

[2] Results in extended new general relativity 
(E.N.G.R.): 

(2A) All the densities '^Tfc^, ^"^T^^, ^Su^, and *^Sfc/'' are space-time vector densities. 
Also for the case of E.N.G.R., the same statements as (a), (b), and (d) in (lA) 
hold true for ^Tk^'.^'Tk^, and ^^Sh''. As for ^Sfc/^^, we have the following fS^: 

(c') The density '^Ski^ receives transformations which correspond to translations 
of the origin of internal space-time under ^f/ofea/ translations, and it transforms 
as a tensor under local SL{2, C)-transformations. But, it is not tensorial 
under local internal translations. 
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(2B) Also for ^t^'^, ^T^'^, ^Ma'^'^, and ^^Ma'''^ in E.N.G.R., the same statements as 
in (IB) hold true. 

Since '-^T^,'^, ^Tfc'^, '-^S^;'^, and ^^S^/^ are all space-time vector densities in both theories, the 
energy-momenta and angular momenta of the gravitational field and of the matter field are 
defined well, and independent of the coordinate system employed. For example, the energy- 
momentum '^Mfc of the gravitational field is defined by 

^M,"^' /^T.^rfcr,, (4.1) 

J a 

and we have 

^Mfe = \ ""Tk^'da^ = [ ""T'kW, . (4.2) 



As we have mentioned in the final parts of Sees. [II A| and pi A| , the total energy- 



momentum and the total {=spin+ orbital) angular momentum are given by and 5*^; for an 
asymptotically fiat space-time, while the canonical energy-momentum M*^^ and "extended 
orbital angular momentum" L^*^, which are obtained as the integrations of non-tensorial 
quantities T^'^ and Ma^'', on the other hand, vanish and are trivial. 

In both in P.G.T. and in E.N.G.R., the densities ^Tk^ and ^^Su^ are well behaved 
under local internal Poincare transformations, while the energy-momentum density '^T^'^ 
of the gravitational field is well behaved under /oca/ internal translations. In E.N.G.R., the 
"spin" angular momentum density '^S^i'^ of the gravitational field is well behaved under local 
internal SL{2, C)-transformations. 

It is worth mentioning here that the Lagrangian densities L^+L^^ in P.G.T. and L'^+L^ 
in E.N.G.R. are both invariant under local internal translations and under global internal 
5'L(2, C)-transformations, but they violate the invariance under local internal SL{2,C)- 
transformations. Thus, one may claim that we need not bother about the fact that '^T^'^ in 
P.G.T. and in E.N.G.R. and '^Sm^ in P.G.T. are not tensorial under /oca/ internal SL[2, C)- 
transformations. In E.N.G.R., in particular, this can be strongly asserted, because local 
SL{2, C)-gauge invariance is rather accidental in this theory due to the lack of SL{2, C)- 
gauge potential A 



kl 



We now give comments on alternative choices of sets of independent field variables: 

{1} In P.G.T., we can choose , e^ ^, A^^ cp^} as the set of independent field variables 
[p|,|6|,p3[ . The dynamical and canonical energy-momentum densities and spin and "ex- 
tended orbital angular momentum" densities can be defined also for this case. The 
dynamical energy-momentum and spin angular momentum densities are space-time 
vector densities, and the canonical energy-momentum and "extended orbital angular 
momentum" densities are not space-time tensor densities. The transformation proper- 
ties of these quantities under the Poincare gauge transformations are much the same as 
in the case with {t/^'^, A*^^, A^'^, 0"^} being employed. For the choice j-?/''^, e'^^, A*^'^, 0"^}, 
however, the total dynamical energy-momentum vanishes identically and the total 
canonical energy-momentum gives the total energy-momentum for the asymptotically 
fiat space-time for a suitably chosen coordinate system. Also, for asymptotically fiat 
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space-time, the spin angular momentum and orbital angular momentum are both di- 
vergent, and the total angular momentum is obtainable only as the sum of spin and 
orbital angular momenta. Thus, the total energy-momentum and the total angular mo- 
mentum cannot be defined independently of the coordinate system employed, because 
both of the canonical energy-momentum and orbital angular momentum densities are 
not tensor densities. 

{2} In E.N.G.R., we can choose {ip^,e''^,(l)^} as the set of independent field variables 
[0,0. For this choice, almost the same statements as in {1} hold, and the total 



energy-momentum and total angular momentum are obtained only by using densities 
which are not tensor densities. 



The choice {tp'', A''^, A'''^, 0^} with the condition (|2.49|) in P.G.T. and the choice 



{ip'', A^fi, 0"^} with the condition ( |2.49| ) in E.N.G.R. are preferential to all the other choices. 



In general relativity, all the known energy-momentum and angular momentum densi- 
ties of the gravitational field are not space-time tensor densities. Poincare gauge theory 
and extended new general relativity are preferential to general relativity in the point that 
the former two theories have energy- momentum and angular momentum densities of the 



gravitational field which are true space-time vector densities [25 . 



APPENDIX A: 

The irreducible components t^/m; Vk, and a^, of T^m are defined by the following: 

tklm = -{Tklm + Ti/cm) + - {VmkVl + VmlVk) 
2 

-l^VklVm , (Al) 

Vk = T\, , (A2) 

flfc = -^klmnT^^^ 1 (A3) 
D 

where the symbol Skimn stands for completely anti-symmetric Lorentz tensor with 

^{0)(l){2)(3) = -1 il- 



The irreducible components Akimn,Bkimn,Ckimn,Eku huR of Rkimn are defined by the 
following: 

Aklmn Ti {Rklmn ~\~ Rkmnl ~l~ Rknlm ~l~ Rlmkn 


+Rlnmk + Rmnkl) , (A4) 
Bklmn = -^{Wklmn + Wmnkl — Wknlm — Wlmkn) , (A5) 

Cklmn = T^iWkbnn — Wmnkl) , (A6) 

■A - Rik) , (A7) 





def 


1 


klmn 




4 




dof 


1 


klmn 




2 


Ekl 


def 


1 








2 
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hi — 2^^''^ + Rik) 



(A8) 
(A9) 



^^klmn — Rklmn 2 i.Vkm-Rln ~l~ Vln-Rkm Vkn-Rlm 

-VlmRkn) + ^{VkmVln " 1llmVkn)R , (AlO) 
Rkl = Tf^'^Rkmln ■ (^H) 
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